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A6 E2 | 7T g 4 5T
M NIl =

0000

O 6 O O OO Deep Network Network (DNN):
O OJY)/OJ0  Fully-connected, CNN,

O O : ResNet, Transformer ...

o~ 0O ~0

fELVXO T UVElERE:  SGD, Adam, K-FAC ...

Dropout, Batch Normalization ...

+ Adversarial attacks & defences, FRFRI4L,
contrastive learning ...

EEBERETI: HFOMRFEEFEEORME:
VAE, GAN, Flow-based ... m{bFE, h—RIUE ..

DNNZEEE - Ui E S DES
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=== B H 1>

= /RN TFEH

O
8 8 O 8 8 O  Deep Network Network (DNN):
O OINYV\O4O  Fully-connected, CNN,
AP AN O ResNet, Transformer -+
oO~YOYO
g%fdtgﬁlanﬁ:

EREZ1—TILRY N D—D(FR B/ EDOLDSIREETET
FEEMNS L N\DH
“FIFBEDT—SFTHREMNHIRLY
BERE, F—4 ? IR ? @2 LTV L? ATV TH? -

SBONHEN. IEFERBHELL. REDITDE,

Z<IRBET] (Expressivity/Representation power),
sERIE (Trainability),
SNABBEST (Generalization)



XKIRAETD: RO EFEEE

o RBBEIEMPIE (Universal Approximation) [199044%~]
3@ (shallow)=1 —S)LRY MIANEATEDREE TN aIEE

- Barron®EH (1993)

(BBFEDISAD) BESf (x) (CXUT,

far(z) = WaSigmoid(Wix)

E.[(f(2) = fu(2))?] < Cp/M O 8
ZmIz Wy, WohMFE AP x 8W1 QWZ O
—7, BE(W,)ZFE UREES, O O
E.[(f(x) = far(2))?] = Cp/M>P B VM

PEEMEDIEFRE (CH I DRTTDRWNETAR. 3BT+ ?



~IRAESD

Deep vs. Shallow
FERRAZIEN> A I DFERE(fiAH) (TS U Te ik 2 12185

O

- The number of monomials [Delallea & Bengio, NIPS2011] O O
- The number of linear regions [Montufar+, NIPS2014] O O
- Betti numbers [Bianchini Scarselli, IEEE (2014)] etc: - O .
- BarronEEDILER [Lee+ COLT2017] O O
BEER— 1 —S)LRy MRETE B350 8 0.0
1M=L, o OO
& (235 L CRFR (ZHEhN, O On0,

BECXS U CHREBIERey (C1Ehn

BIROFTEEIR(AEV) T, FEETILOH RN

QOO
OO0

OO0



5 IBRME DG A

FKIREEINEU) = ZEIHEOIL)

RS — 5 (x@,y D} (i =1,..,n) =05 £ (6)
B60) = > (4~ fo () A i

i=1 minimum

fo(x) =g(WpL - g(Wag(Wix + b1) + b2)) —@

e B)ELE (Backpropagation) .

0E(0) 0 Saddle points 0
00

—f%(C (X, global minimallfz & D& <ARFE(F7R0N
DNN(IAJBEEHYES (or FEEDH LTI L)

DleTD£+1W511 T W[T(@J — f)

00 —n



SR & loss landscape

- WL Dh\DiESR

- DNNOWEMR 2 CREITNIL, IR TD E(0)

EE = Higlobal minima

Extremely wide nets
[Nguyen&Hein, ICML ‘17&18] [Gori&Tesi IEEE 1992]

M(DNNDW&E) = T GFIFES > T)LED

Sigmoid, softplus (#&BE & L CRelLU), CNN M&/4 < B3z

- EFILEFTRLS LIV ALABERILTULD
SGDALocal minimaZziklF 92t [Kleinberg+ ICML “18]

OF

%(933%)

Ot 1 = 0; — Mini-batchEa3RdD _J 1 X Hh'%h <

8/51



MALDRE A

KRIREEDHEL = FESEPOILN

RS —4 {(xD, yDY (i =1,..,n) s~ E(0)
) $ FZ
. . 2
BO)= 13 (v~ fo (=) 3l

« TART—HIE
RS —5 ERIGDRIMT—4

NABIERE: T A M —HTDERE, TRIEEE.

DNNOFHIBDERTHE. NALEEEZ A D =X FRIBEDIRR.
TRENIREBRIREEBITHN D DH B!

“Fantastic generalization measures and ...” [Jiang+ ICLR 2020]

40LA EDNALIERR
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\ M wl w2 Wl
.+ DNNEREL DYIHAE (S t OO O On0
524 175l OPOTOTONS
oo oo e
I < AEHONTWLWDYEMEDHI: —HRELEX [Glorot&Bengio 2010]
S V6 V6
VI F e /Ny + g

DBDEDZFHBMICK U, NS A= 3EUL0(1/M)

M

e~ IXDBDHNNZTRFEKIF LR,
Z Wijaj ~ O(1) FERINWRT—ILICHEBIEEND
J



S NEEZ 1 — IRy O iEER

[Amari (1970-)][Poole+ NIPS ‘16]

ui-:ZWé,héWbl hi=o(ui) M

1 1472 L

t 000000

- 5/5"1_\/\"5><—9 e.g. I ONONIONION'S

WileN(OaU?u/M) bé’”N(OaUE?) v O Q O O O
Za1—3I)LRY bOHBR RS TR I KAFELNDEL

FBUEOFEHE HRNEtE
M M > 1
ql:Z( )/M —) ¢ =0 /ngbz )—I—ab

1

HORED (5>4 LZEHDM)

Mean Field Theory (#EtfEHZEEED)

12/51



S NEEZ 1 — IRy O iEER

SEIEDFIRENE BIFNETE
M M >1 ,
ql:Z( )/M ‘ q-cr /chb )—I—ab
: 5 RHES
EARI(C(F,

REFEO "5 18 = KENOEH &R EIR

¢(-) = tanh(-) D& =

.:; S rj'; — l i
:t:En — Ty = 2.0
k5
452 N f-.-rul — 4.{]
O
5
©
0 5] 10 15
input length (¢!~ 1) [Poole+ NIPS ‘16]

¥4 ’karchitecture (shallow&deep, sigmoid, ReLU, ResNet, CNN ...)
(EXWUTHBEUTITRSBEAE

13/51



S NEEZ 1 — IRy O iEER

BUBDTIIERE AR
M M > 1 [ 2 2 2
=My @ =% [ D2 (ViT2) + o
HO A&7

BEARBICL,
REFED "5 = KEOER] & OMRIREE

£%: Recurrent Neural Network (RNN)DEi5 “3EBl”
[Rozonoer (1969)] [Amari (1970-)][Sompolinsky+ PRL(1988)]

S EROERANRERY FeRNTELTOE RV GO

DT, FHOS— T TS R S IEEN TN B, @
RNND(EDEKRD)FIG(E, wILT D2 X MIAEEL O O
WMENDD. T, BHEEIRETE E T D EFESRRN. O
“Amari solution” [Crisanti, Sommers & Sompolinsky (2008)]

&l 2 DEFF IR TR UMtETHE

ZEDEARTE
14/51



S NEEZ 1 — IRy O iEER

[Amari (1970-)][Poole+ NIPS ‘16]
gz Wzlhll_'_bl §: i wl w2 Wk
2 o 000 O
N RB2AN 1°(a),h%(b) OO O O O
doy = D) 0)/M AR

M >> 1 Qé,b = O’i, /D21D22¢(u1)¢5(u2) +U§ sz — \/_—fd —%z
)

u =vVq¢ " 1zx ue=vV4! (Cz a1+ \/1 B 2) Cﬁzb = qub/ql

HIEDANCH/HUT, Za—0O> DEENIIMIZE(FIRSTRV (FEE
HBELTWDE®). ADRIOHEERE(CIE U TESGAEE.
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(ES1EBEDIRE EFKP- 0 A A BER S

1414 Ordered , M

! l ! A | l
Qab = Zui(a)ui(b)/M Cab = Qab/4q
i
[Pennington+ NIPS2017]
0.25 .
: Ordered 1.5
>i 0.20 X(0w,00) < 1
] ] Vanishing Gradients
& | 1.0
O/ e Cab 0.15
’ 1 oo __ 1
iy Cab™= 0.5
- * 13 [ 0
EEsISER; ¢ = limg 010 c;, <1
[— o0 0.0
oc! b 9 , 9 0.05 (Chao};ic
a / 3k X(Ow,0p) > 1
X aclgl Ow /DZ [Qb ( q Z)} Exploding Gt'adienlx
ab ., =1 0.00

15 20 25 3
2
O-'H.'

B—DFRN)EF—2(CB|ZFAEN, BRBDESHOE%R
ANEEHNXBITERN KT DU



Backpropagation ¥ 191518

[Schoenholz+ ICLR “17]

0 _
A A = oY) R 6= ¢/(:) Y oWl
1] j

BEJ IV =) (6)* 5 _ g+, / D2[¢' (V3,2

- EHEBNIBEDHEKX - BAANED
Brtgm(dfeedforwardEEL X = o,?U/Dz ¢ (VT 2)]’

* BH(EEIFZIRE  Gradient Independence Assumption (GIA)

W/ &feedforward EIRII RN DR S >4 I
?ffﬁU(L;%§E§1ﬁE;i'CJJ:b\
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Backpropagation ¥ 191518

[Schoenholz+ ICLR “17]

« BH(ELITFZIRE  Gradient Independence Assumption (GIA)

W“r1 #feedforward EIIT IR I RS >4 I
'fTﬁU (c_%'é}ﬁ'az_C YA

HENRIEHIE [Yang, “Tensor Program II”, arXiv:2006.14548] e.q. Z §l "

& =X (EGaussian conditioning(CHA3E. J
State evolutionDEEZM L TEEDS27—w 2 [Bayati&Montanari ‘12]

Aij ~N(0,0%) Q,Y,P,X: fixed matrix

ADVFISREMA YV = AQ, X = AT P TEAFITBNTLD ES,
d —

A=y a0 x—atp E+ Al

EIZ0Q,Y, P, XD SRFEDIEHITH, NIIHF=4TS
18/51



Backpropagation D15 IZ18

[Schoenholz+ ICLR ‘17]

(BAX) MNIST=ER ||| 4z

L-layer net, o2, (FHIEMED D ER Red: high
Black: low
ordered Eﬁ%ﬁ:
LT
'2 1.0 15 20 25 3.0 35 40
Ty 012.-.:
B (x<1) 1 H 7R (x>1)
Forward: ANESHEXEFITET/R0) FLDEBSDEBARAETLLIRASD
Cap =1 cop < 1

Backward: ZAJf2 /)L /SES x BfeJIVLFEEY
EERZINSA—SPHME(C T D CETEWVIIBEEZEIR o)



=>4 7585 & Dynamical Isometry

w = Wihj—1 + b, hi = ¢(w)

L
Input-output Jacobian: gﬂ =] DWW, D, = diag(¢'(w))

ho

9I5IER: L >> 1 CABCOER/FEZH(CE ¢y = 1hWBE
HREO-RTS ~ x"

r Dynamical Isometry:
FFREOFITIT TR, DORIRZEE &
RIZ(CLTE0N

- BHRESFICKDIacobiand X R N LEER
[Pennington+ NIPS ‘17, AISTATS ‘18]

HORPIEMET (I3 <, BRVHMEN VE

L =128

— ReLU Orthogonal
— HTanh Orthogonal

] -‘%L

— Linear Gaussian (d)

5 10 15
S

20

X, D;, W, OEREBEBREIZIMEDIZIIIEER. IOXYEMECS T DESRIDIES1L:

[Pastur, arXiv2001.06188] [Yang, “Tensor Program 11”7, arXiv: 2009.10685]
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A

SEXKIFRT —FFTTF 7 CORELE

* Convolutional Neural Network [xiao+1cmL 2018]

__— 32x32x3 image activation maps
/ 32 5x5x3 filter [http://cs231n.stanford.edu/slides/2018/

- cs231n_2018 lecture05.pdf]
——0 N
@ convolve (slide) over all

spatial locations

52 VR DL (FrRILER) —o0 IR

ﬁ

© |

1.0

0.9

P e
h’

08 ' Avh 515
. / MNIST=&
€} /
© o0s P
3 05 [ofe
v}
< 0.4 = depth=1250

0.3 —— depth=2500

‘ depth=5000

0.2 = depth=10000

0.1

Dynamical isometryZiisifz 3 fJHMET
10,000/&CNNOD3IIFE(C pk I

TDI(EIN ResNet [Yang+ NIPS ‘17], (gated) RNNs [Chen+ ICML ‘18] ...
21



[ZZ] DNNES A ALAHNDTRE

Lw) : SOHLBIRIG (ZRTHIRIBIE)

0O, 98
E (L (w1) L (w2)) = f ([lwi = ws|)*)
f: RREDDTESHREEK

W 2w R

[Fyodorov, PRL ‘04]7/3:¢& @wikipedia

RETR Y bOREBES > RAT—T EDEERIRFEE

- EE R IIEENKET, local minimald(E & A Eglobal minima.
ERENAKREZTVWIEEDRBIEDEISHEN. [Dauphin+ NIPS “15]

- FER(CHITDIREES/ISA—FDJILLDEBIMNGES > LD ED
S2AALTA—=TERU (||w, — wol| ~ logt ) [Hoffer+ NIPS ‘17]
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Outline

- F&: Fisherl|giki3%1& Neural Tangent Kernel
- Fisher|&¥175!

- Loss landscape & F &=
[Karakida, Akaho & Amari, Universal Statistics of Fisher Information in Deep Neural Networks:

Mean Field Approach, AISTATS 2019]

- Batch NormalizationD1&Z|
[Karakida, Akaho & Amari, The Normalization Method for Alleviating Pathological Sharpness
in Wide Neural Networks, NeurlPS 2019]
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NS A= ZEFDEE

+ RRACHITDIFBRDEE

s E (6
Gewﬁwﬁgf) = E(0) !

FEAR (RT7T v TE)

IRE T BEERFWES S RRT—
DR TRES
(ABRDHK & FBIDIE D)

- FBRORDOAFEI-—IVRT o v IHZ0
e.g. Training lossMiFPHelA T (Cixo 25, FEBERZ1/afB(ICTD



Fisher|g¥kiT5

—FE[OF T,

O
F=E[Vof(x;0)Vof(x; Q)T] X O
E[ - ]: ABDY>T)LESE x O

s AFEERE T OOXIEEE DD DA 7> (TG
Loss(0) = E[||ly — flI?] Loss
Hessian: —
VeVeLoss(0) = F Mg] i

- [BIREAOEAR. ) (5 A—FZEREHMA > TS
Dxw(p(x, y; 0)lp(z,y; 0 + db)) ~ db " Fdf




=JLr==

X A
wp =Y WHRT b, hi=o(w) (1=1,2,..,L)
j
« J\S A—%(Frandom Gaussian M_wt w2 who
WileN(OJO-tQU/M) béwN(O,Jf) O O O O O
OHOTOTO O
AD/FREE: ITZFEHEM (> 1) *N:A:A: O
HHE: ZEFE C (=o1)) vO- OO0

« AJIHBrandom Gaussian

(8] »N(O1) - E=1aT) gigs> T
* non-centered network (e.g. ReLU, Tanh with bias terms, ...)

J\A FRDIEEO( 0y, # 0)BBWVEEHLEIROA I ZATINIELD (f D2g(2) £ 0)
26/51



Fisher|E¥R1T5I D E R IEAR

- FIMDETE 7374 = chain rule (backprop. &[E#)

F =E[Vgh"(2)"Voht ()]

Ok

=8ip(ul ), 8 = ¢/ (u Zalﬂwl“ (l=1,..,L—1)

(i) Feedforward DFKFZEER [Amari 1970-, Poole+ NIPS ‘16]

q' =2 (hi(1)? /M Qs =20 hi(s)hi(t)/M

(ii) BackpropagationDFRFFZEEN [Schoenholz+ ICLR ‘17]

q' = 32, (04(1)) Gor = 2 0;(5)0;(t)

27/51



[

Fisher|G¥AI TSI DEHA

M (width) N T CKREWNESE, BRI

e T—1 K1 L: [E#,
Amaz ~ (L —1) ( T 2 T T) M T: Y > T)LER

1= 336 (L-1) K Zq%q%l/
- IEER (CRE VI U AREEE o(M)

E[VgfVef'] =Cov(Vef,Vef)+E[Vef|E[Vef]'
_"'«anax ~ HIE[‘7911||2

« TS AECTENT Ay, [CHEIR
Eigenvectors E[Vyfi| (k=1,...,C)
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[,

Fisher|&¥r1T5 DEH1

M (width) N T CKREWNESE, BRI

N B T —1 K1 L: [EZR
Amaz ~ (L 1)( 7Rt T)M T 3D > L

(oo

- EERIC LT, BBIEDFY

D5 AT T RS 18 EHY
EERIVER S

[Sagun+ 2017]

[Ghorbani+, ICML ‘19]
[Papyan, ICML ‘19]

(Z0(1/M) C

[}

@D

Eigenvalue density

Eigenvalue

Remark: LossDIEZE (or T—FDIE5DE) Cross-entropy [Papyan, 2019]
(CXKO>TCEBEIXEISDEDSD
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Fisher|§¥R1T51D

]

B

{[E

- Cross-entropy lossIZE [RK, Akaho & Amari, arXiv:1910.05992]

s cEOEBEIELO (M)

CN

M= Plugrll @ || VorT | ac#Enz

SigmoidBd#Rg (T 0w 33 A1T5!

Qn = diag(g(n)) — g(n)g(n)" n=1,..

e cig(Q)

104 L

Counts

0.5

100 L

|
Mfrn 101

— U

. _"_w/otop C

[ top C (single trial) |3

0

10

20

30 4(_J 50 60 70
A
30/51
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= , H}} N Y
RABEBEEFEXK
C BROR (IR 00 U
sa

BRSO KIEAEE 0 = (W b} st. E(0*) =0

Amaz (0 — 9*)2
D)
5 IR T B BB R et
\
?7 < 2/)\?710,58 4—: ‘
[LeCun, Kanter & Solla, PRL 1991]7& & H* .
10°
(BX]) 1 epochi&millfFza= Exploded 3
L=4 ReLU on MNIST, SGD 107! .
<
- FBE/INR I D FEEG K (CHHEIRRR 1072
5 ﬁ'ﬁ(: 2 /Mnax) '
1073
JgL—: 107 '

\ s 1
sosNgar Uresats 10 31/51
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Batch Normalization (BN)

[loffe&Szegedy ICML 15]

B2 —0O>7B>T)LICH UTERIE

ui(t)(—u(tlz H’@ J_I_BI g
. l 1 z 5 IS :E |
p,i - E[UZ(t)] O-?: - \/E[ul(t)] a (Mz) " 20 — Stz:dZ:d+BatchNorm
5]‘ Eﬁﬂlj(g(j: j(%(,\'ul'_"j__il'\___c _ﬁh fd\”ygﬁ 0 5k Steps 10k 15K
- SABELPT L
Loss(6)

BNDA D =X\ [Santurkar+ NeurlPS ‘18]

* B (Internal covariate shiftd#li])/\NDEIE

- Loss landscapedD& ALz X TL\D e ;
0
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Batch norm in the last layer

ESEMIz&, Ri&EMmean subtractionDH=E X 3
Fie) == (ug () — k(06 + B & = 1,....c (0528

IRTE(I) IaM EES > TIVETH D KEL, p: = M/T(EE)
(IT) gradient independence assumption

pa(k1 — K2) + 1 < Anaz < \/(Coﬂp(/{l — Ko)?2 4+ co)M

Ky, Ky : TAREBNSETE, a=L-1
c1, ¢, : FEEMBETELEN

* Apax PA=F—DO(M) 5520V M) N

BHODFFET:  E[VefVaef'] =Cov(Vef,Vaof)+E[VeflE[Vef]'

fu(®) = fi(t) —E[fs]  ElVofi] =0
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Batch norm in the last layer

ESEMIz&, Ri&EMmean subtractionDH=E X 3

pa(k1 — k2) + €1 < Amaz < V(Ca2p(k1 — K2)2 + c2)M

Ky, Ky i RFRENOETE, o =L-1
c1,C,  IFEMETEE

* Amax 0)7|'—9—73\6)(M) AN R (—-)(\/M) AN
ISR LR (FRSTHY. #RERHI(C(X O(1)

' ReLq
D@ Exp. (w/o mean)
« PfEEDJCBN 0 B B/ o 3
Theory; lower bound (w/ mean) V-
Deep RelLU net TI&, \jue = O(M) 5 | 7T
. 10 Q,ﬂ)m/
 Layer normalization \,,,. = (M) ¥ Aai
o' P oO00D © © eee
1 & ﬁ% i
E[Vofi(t)] 7 ;[vefk (t)] o1 ‘2 '3
= 10 Ale 10
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‘:4
A

FEED & Mgy

w/o normalization , w/ mean subtraction

10°

sso| Buiuies |

-—

10 M 102 10°

HERIR(R): 1 =2/ A\maa

N

ERAREBNIZITC, lRICAKFE UIRWAR S REFEBRNFFE NI
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RIEFIM(NTK)D AR L&

[Fan & Wang, arXiv2005.11879 (NeurISP 2020)]

FIM = Vof I NTK= IEPOEBEMEE O
Vof'

L .
q
NTK =S B o A, B =65 = N‘“
st

=1 q
l L

=gl + > G A1 PREBORSEA = —HH H = ¢(WiH_1)
=1 _
Hy= X

o A, DANRY bIblEMarchenko-Pastur(MP)S3 B Dfree convolutionlCHES
pe = pry, @((1—b§)+b3-m1 /Dzd)(z

BEEIAZT -4, DANRY I\)lx[Pennlgton& Worah,’ 17 [Laurart+ “17], Random feature[B])FD
bias-variance73## [Hastie+, “Surprises .. (2019) 1)

- b, = 0 CMPHI [Benigni & Péché, arXiv1904.03090] 36



RIEFIM(NTK)D AR L&

[Fan & Wang, arXiv2005.11879 (NeurISP 2020)]

FIM = Vof I NTK= IEPOEBEMEE O
Vof'

- J\A 7 XRIAIRL, /chb 0 (centered net)&- 9B

~l

-]
NTK = Z B, ® A4 B, = 6,5 = %
=1 I qgt

~1 1
=g+l + Y GuAio1 CRREORSE: A — — HH = (WiH;_y)
=1 M
Hy= X

. NTKDStieltjesZH#alE  murk(z) = 1, ((—z oy qi-1,1), (1,0, ., 0))

se(z) = (1/z¢) + Yete—1 (zpm(s;g(z), z), (1— bg, 0,...,0, bz)),
te(z,w) = (we/2e) + to—1(Zprev(50(2), ), Wprev)

(u(2,2) = ( il +bg)
Zorev(S0(2),2) = | 2_ V20 ey ZE—Dy 20—

Wprey = (W_1, ..., we—1) — (we/ze) - (=1, ., 20-1)
37




Dynamical isometryaiZ F CTODFIM

[Hayase & Karakida arXiv:2006.07814]
Input-output Jacobian:

L
g% ~T[pw: OEEBEHEICIHKE TS, (conditional FIMIZ&TE
=1

C
Conditional FIM: p Vof

(given a single input x)
Vof'

Dynamical isometry B’ akiz 9 & E, BRIE[E A ~ L (CEFITD

10 0 i
Or(z,0) = i fgé@ f;gc) (CHLT, Opr1 =Gl + Wi 1 DO, D,W,. 4

D, W, DEREBEEMITMZREINSE, o1 = (@ + 07pq + ) (Ve B jup)
Free convolution
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Dynamical isometryaiZ F CTODFIM

[Hayase & Karakida arXiv:2006.07814]
Input-output Jacobian:

oh;, + -
o = [ e OEVEIENERICIHIE T, FIMBKET
=1
C
Conditional FIM:  p Vol BEHERRTANRYT ML
(given a single input x) v fT EEEEFEFLT, )\7£0 ~ L
0

Test accuracy

R
Orp1 = 0r —nVo[M~1L(fo,(x(t) — y(t))]

[GX]] FEBHHA(500 step) DEE)
100
Hard Tanh on Fashion-MNIST : ml “mmm

3456789 456789

« ASAFH (mini-batch size =1)

o
o ©
N RN RN RN

-0

o
o
o
_

N O

=Y
(=]
(3,1 = N

0.7
0.6

0.5

0.4
0.3
0.2
0.1

o



> OS2 3>

- B NN P T O—F RN
- REEBES A LR
- TSR
- 5248 TR

- S5IRR3FERE: FisherlB5#iiT5 &Neural Tangent Kernel
- Fisher|&#i75!
- Loss landscape & FE X
- Batch NormalizationD1&El

- Neural Tangent Kernel
- B R LBCDER/RUNER
[Karakida & Osawa, Approximate Fisher Information for Fast Convergence of Natural Gradient
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Neural Tangent Kernel (NTK) I£:m

[Jacot+ NeurIPS "18]

5 JE
* Fully-connected DNN Width — o0
g
u; = = Wghg_l + Ubbg, hg = @(ug) .v.v.
VM- o IINT MO
, o I
- Locally Lipschitz and non-polynomial @, ¢ .\’/A\’A”'.

- Training samples (x,,,y,) (n=1,...,N),y, € RC
Normalized inputs ||z, |2 =1

Gaussian random initialization
Wiijsbii ~N(0,1)



Neural Tangent Kernel (NTK) IE:m

do,

P nVof, (y— fi)

[Jacot+ NeurIPS "18]

Vo ft : CNxP(JNSA—=SE)1T5

- FBRDA—H—%Z1/MTED (or NTK parameterizationZ{E>)

X569 SRR BB D

df
dt

(Informal)

X = 0VefiVef, (v — fr)
=: ©; NTK (CN x CN 1751)
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MNIST; ReLU (L=2), M=2048, SGD+momentum [Lee+ NeurlPS "19]



Neural Tangent Kernel (NTK) 2%

[Jacot+ NeurIPS 18] [Lee+ NeurIPS '19]

- BEETIOIFEESEM 1" (v) = fo(z) + Vafo(z)' (0 — )

o M-1/2 ‘

WNEALTDINSGA—INTEK ESAHDDT nVof ~ ML A1/
HE (9(1)‘6‘2{‘15

P-M2%~1
o  KIBUNER f, = fo+ (I —exp(—O0t))(y — fo)

o KENIF—Ax(Tx L THOIEER. Gaussian Process & 4.
85, JIESNT=ES)L(FKernel ridge-less regression

(foo(@"))ini. = Oz, 2)O(z, 2) "'y

X NTKOs/NMNEBIE(ILE EARE (& (&, ASDIEFRE Enon-poly.dactivation THIT)
X IEENAER (T AREZTVHERRDM) (CKDUIEREEBHEEL
M > T [Huang & Yau ICML 2020]

TDI(ENDYREEHDHIE [Zou & Gu, “An improved analysis of ...””, NeurIPS ‘19] 43



NTK regimelCHTD

S R BIACE

- BALIAEIE (Natural Gradient Descent) & (&

9t+1 — Qt — 77G;1V¢9£(9t)

[Amari, ‘98]

(&4 : Fisher information matrix (FIM)
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For MSE loss,
E[Vof, Vofi]
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Approximate Fisher Information Matrix (FIM)

FIMZ 1T U CBRABESETHIA. W DHhdOEE.

Layer-wise FIM Gy

Block diagonal, Block tri-diagonal, ...

K-FAC [Martens & Grosse, '15] ...

...........

Y
Y

EB[(d 01) ® (h)_1hi—1)]

Unit-wise FIM

[Le Roux+, '08] [Ollivier, 15] [Amari+, "19]
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Approximate Fisher Information Matrix (FIM)
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NTK regimelCH T DEALIELE

STE26,NMUATOERFZ®mICT ETD
e Isotropic Conditionon © = J,G;'J, /N  (J, = Vafi)

- df
©=ol (a>0) BE A ZE R DA AR d—{; =0O(y — fi)

* Local Lipschitzness

||Gt—1=]t — G0—1J0||2 S 10 — oll2/V M implies Gt_lJt ~ GalJo
_DOEFE,

NTK dynamics of NGD (informal)
fi(a") =0, )07 (I — (I —n0)")(y — fo) + fo(z)
G

Oz, x) := Jo(¢")Go ' Jo(x) " /N

H%(Z, training samplelCBWVWTC,  fi=y+ (1 — W@)t(fo — )




NTK regimelCH T DEALIELE

(5&4%1) Isotropic Condition on © = JoGglJOT/N
(5%4%2) Local Lipschitzness ||G; ', — Gy Jolla < 1|6: — Ooll2/vVDM

NTK dynamics of NGD (informal)

fi(z") = ©(z", )07 (I — (I —n0)")(y — fo) + fo(z')
Oz’ x) := Jo(2")Gy ' Jo(x) " /N

H%(Z, training samplelcBWT, fi=y+ (1 — ﬁa)t(fo ),

0<na<2([CHNWTKREIR. n =1/al251 step UK.

«  FIM, Layer-wise FIM, K-FAC (C=1), unit-wise FIM (C=1)(35&f%¥1, 2%&iH1=9
(EEBA(AERY)

FIM: a=1 Layer-wise block diagonal NGD: a =1L
K-FAC: a=NL Unit-wise NGD: a = M(L-1)/2 (for ReLU)
a5

2
EE

Xn%ﬁtﬂ(;xlﬁ — )L UL, ST BIFIMZ{E S T=NGDIE, iU L IDNGD
<BEUIES 1A F=DOX



NGD for over-parameterized models

* Pseudo-inverseZED =Rt H

BEOBERAECEDSS:

Parameter dim.

1 .
Gy = N JT J +pl CN (output dim. J:=Vof

X sample size)

AO = G, VoL(6y) VoL =J"(y—fi)/N

_| JT(JJT)_I(ft _ y) * Push-through identity
(J'"T+pD) YT =JNJJ" + pI)~1

+ Zero damping limit » — 0

Af =JA0 = fi —y

TIXB RAECEDZEEARER (CRA DIERMF:
J : V fi for each layer or unit, 5l,t & hg,t for K-FAC



T AR BECDIELN

BEE U CDIESY A F O X FAUTTH, IS A—4
ZEETIE—MR(C(EERRD

fo 90 Training loss = 0

—1~—1 7T
Ooo,approx. = GO JO Y

f 0o, original NGD (= 0s0,GD)
o0

MAETEBEDZUESEER Kernel regression: a—lé(g;’, T)y

CIFARIOC=1 MNIST C=10 CIFAR1I0O C=10
< 916
§ 0 97.5 50.1 %
a 915 97.5
© 50.0
S 97.5
3 o
91.4
© + 97.4 49.9
I
97.4
& 91.3 % L % 49.8 %
97.
NGD Blk-diag Blk-tri-diag K-FAC NGD Blk-diag Blk-tri-diag NGD Blk-diag Blk-tri-diag
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5> LARAICEDVE, KBRE (TREEX)HRE
[CHBITBDEELRY bOFIBZBT
- DIBLDFER/SHEES <HEAE (BHRERANERE)

- FIM
* NTK regime

SHDRE

« S IEENTK
- AR NUVAARDIEER (X - B/ NEEfE; NTK regimeDmIL(E Ay, > 0)
[EEDENER ? Batch norm®dDzhER ?
ZEERandom featuredlFDiNALEAERET
min |y — 0" he(x)||” + A|6]? min ly — 0" Vo f(z)||” + A|0]]?

« NTK regime TDOREIEI7)LT U X LD
« NTK regime®D MAl S>> 44 2 $5dh 2



