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Random matrices

In this talk, we deal with two kinds of random matrices

the Wishart matrices (the sample covariance matrix),

the Wigner matrix (in general, not GUE or GOE),

being real symmetric or hermitian matrices, depending on the
entries in R or C.
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Plan of talk

1. The first and second order limits for random matrices
Case of the Wishart matrices

Case of the compound Wishart matrices

Examples of explicit formulas of fluctuations

2. An application to data analysis
Random matrices with dependent entries

Application to time series

3. Case of Wigner matrices (← if we have time)

Diagonally deformed GUE (not unitary invariant)

Fluctuation formula
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The first and second order limits
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Empirical distribution of random matrix

The empirical distribution

Suppose that XN is an N × N matrix with eigenvalues
λ1, λ2, . . . , λN ∈ C, the empirical distribution of the eigenvalues or
the empirical spectral distribution (ESD) of XN , is

dµXN
(x) =

1

N

N∑
i=1

δλi
(x)

where δy denotes the Dirac mass at y .
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Empirical distribution function

The empirical distribution function

If XN is Hermitian, so that the eigenvalues λ1, λ2, . . . , λN are
real, we can define the empirical distribution function of XN as

FXN
(x) =

1

N

N∑
i=1

1λi≤x for x ∈ R.

In RMT, the ESD of a random matrix plays a central role in
studying the properties of the spectrum, that is, the asymptotic
behavior of the ESD (random distribution).
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Limit distribution of random matrices

The limit distribution

The question one can ask about the ESD is whether, after
appropriate normalization of the matrix, this random distribution
converges to a certain probability distribution in an appropriate
sense as the dimension of the random matrix goes to infinite.

If the above probability distribution exists, it is called
the limit distribution of the random matrices.
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The famous limit laws

The Marcenko-Pastur law (the free Poisson law)

πλ(dx) =

√
−(x − λ−)(x − λ+)

2π λ x
1[λ−,λ+](x) dx +max{0, 1− λ}δ0(x),

where λ± =
(
1±

√
λ
)2
, gives an answer for Wishart matrices.

The semicircle law

µ(dx) =
1

2π

√
4− x2 1[−2,2](x) dx

is an answer in the context of Wigner matrices.
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The second order limit distribution
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The first order limit

Consider a sequence of random matrices A =
(
XN

)
N∈N and look

the random variables
{
tr
(
Xk

N

)}
, where tr is the normalized trace.

Limit distribution and moments

The limit distribution means that the limit

αk = lim
N→∞

E
[
tr
(
Xk

N

)]
,

exist for all k ∈ N. We call αk is the kth moment.
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The fluctuations

Remark.
We can find that in many cases the fluctuation tr

(
Xk

N

)
− αk is

asymptotically Gaussian of order
1

N
, that is, the random variable

N
(
tr
(
Xk

N

)
− αk

)
= Tr

(
Xk

N − αk1
)

converges to a centered Gaussian random variable as N → ∞,
where Tr denotes the unnormalized trace (simple sum of the
diagonal entries).

The main information about the fluctuations of Gaussian random
variables

{
Tr
(
Xk

N − αk1
)}

k≥1
is given by the covariances.
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The second order asymptotic

Fluctuations

αp,q = lim
N→∞

Cov
(
Tr
(
Xp

N

)
,Tr

(
Xq

N

))
= lim

N→∞
E
[
Tr
(
Xp

N − αp1
)
· Tr

(
Xq

N − αq1
)]
.

We call these quantities the fluctuation moments (or simply,
fluctuation).

One of purposes of this talk is to explain some explicit formulas for
the fluctuation of some random matrices.
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The Gaussianity

The classical Gaussianity can be characterized as that all the higher
classical cumulants other than the first and second will vanish.

Since the expectation and the covariance are corresponding to the
first and second classical cumulants, respectively, the following
definition will arise naturally for the case of Gaussian fluctuations.
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The second order limit distribution

Definition (The second order limit distribution)

Let
(
XN

)
N∈N be a sequence of N × N random matrices. We say

that it has a second order limit distribution if for p, q ≥ 1 all the
limits

αp = lim
N→∞

κ1
(
tr(X p

N)
)

and
αp,q = lim

N→∞
κ2

(
Tr
(
X p
N

)
,Tr

(
X q
N

))
exist, and if for all r ≥ 3 and all p1, p2, . . . , pr ∈ N

lim
N→∞

κr
(
Tr(X p1

N ),Tr(X p2
N ), . . . ,Tr(X pr

N )
)
= 0.
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Case of the Wishart matrices
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The limit distribution of complex Wishart matrix

Wishart matrix

Let GN,M be an N ×M matrix, the entries Xij of which are
independent complex centered (E(Xi ,j) = 0) Gaussian random
variables with variance 1 (Var(Xi ,j) = 1), and let

WN =
1

N
GN,MG∗

N,M .

The N × N random matrix WN is called complex Wishart matrix.

Consider the Marchenko-Pastur limit, that is, we take the limit
N → ∞, and here M also goes to infinite with the asymptotic ratio
M/N → λ > 0, then the empirical spectral distribution µWN

converges in a.s. to πλ,

dπλ(x) =

√
−(x − λ−)(x − λ+)

2π λ x
1[λ−,λ+](x) dx +max{0, 1− λ}δ0(x).
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The moments of the Marchenko-Pastur law

The moments of the Marchenko-Pastur law

For the limit distribution (the Marchenko-Pastur law), the moment
can be expressed as

αn =
∑

π∈NC(n)

λb(π)

where NC (p) is the set of the non-crossing partitions of [n] and
b(π) denotes the number of blocks in the partition π.

The non-crossing partitions and the partition statistic b(π) are
explained later.

The explicit formula of the moment is known as αn =
n∑

k=1

N(n, k)λk ,

where N(n, k) =
1

n

(
n

k

)(
n

n − k

)
is called the Narayana number.
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set partitions

Definition (Partirions)

For an ordered set S = {1, 2, . . . , n}, π = {B1,B2, . . . ,Bk} is said
to be a partition of S if

Bi ̸= ϕ and Bi ∩ Bj = ϕ with
k∪

i=1

Bi = S .

An element B ∈ π is called block and |B| denotes the number of
elements in B, and |π| stands the number of blocks in the partition
π.
We denote the set of all partitions of {1, 2, . . . , n} by P(n).
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Examples of set partitions

n type partitions

1 [1]
{
{1}
}

2 [2]
{
{1, 2}

}
[12]

{
{1}, {2}

}
3 [3]

{
{1, 2, 3}

}
[2, 1]

{
{1, 2}, {3}

}
,
{
{1, 3}, {2}

}
,
{
{2, 3}, {1}

}
[13]

{
{1}, {2}, {3}

}
4 [4]

{
{1, 2, 3, 4}

}
[3, 1]

{
{1, 2, 3}, {4}

}
,
{
{1, 2, 4}, {3}

}
,
{
{1, 3, 4}, {2}

}
,
{
{2, 3, 4}, {1}

}
[22]

{
{1, 2}, {3, 4}

}
,
{
{1, 3}, {2, 4}

}
,
{
{1, 4}, {2, 3}

}
[2, 12]

{
{1, 2}, {3}, {4}

}
,
{
{1, 3}, {2}, {4}

}
,
{
{1, 4}, {2}, {3}

}
,{

{2, 3}, {1}, {4}
}
,
{
{2, 4}, {1}, {3}

}
,
{
{3, 4}, {1}, {2}

}
[14]

{
{1}, {2}, {3}, {4}

}
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Graphical representation of partitions

We arrange {1, 2, . . . , n} on a line and connect elements in
the same block by arcs successively, in the upper half plain.
Here a block of size 1 (singleton) will not be connected to any
other point.

r
1

r
2

r
3

r
4

r
5

r
6

r
1

r
2

r
3

r
4

r
5

r
6

r
1

r
2

r
3

r
4

r
5

r
6{

{1, 4, 6}, {2}, {3, 5}
} {

{1, 4}, {2, 3}, {5, 6}
} {

{1, 3, 5}, {2, 4, 6}
}
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Non-crossing partitions

Definition (Non-crossing partitions)

For a partition π = {B1,B2, . . . ,Bk} ∈ P(n), if there exist two
blocks Bi , Bj (i ̸= j) and elements b1, b2 ∈ Bi , c1, c2 ∈ Bj such
that b1 < c1 < b2 < c2, then π is called crossing.

If a partition π does not have any such a crossing, then π is called
non-crossing.

We denote the set of all non-crossing partitions of {1, 2, . . . , n} by
NC (n).

Remark.
NC (n) ⊂ P(n) : sub lattice
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Graphical meaning of non-crossing

r
1

r
2

r
3

r
4

r
5

r
6

r
1

r
2

r
3

r
4

r
5

r
6

r
1

r
2

r
3

r
4

r
5

r
6{

{1, 3, 5}, {2}, {4, 6}
} {

{1, 3, 6}, {2}, {4, 6}
} {

{1, 4}, {2, 3}, {5, 6}
}

crossing non-crossing non-crossing
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Examples of non-crossing partitions

n type partitions

1 [1]
{
{1}
}

2 [2]
{
{1, 2}

}
[12]

{
{1}, {2}

}
3 [3]

{
{1, 2, 3}

}
[2, 1]

{
{1, 2}, {3}

}
,
{
{1, 3}, {2}

}
,
{
{2, 3}, {1}

}
[13]

{
{1}, {2}, {3}

}
4 [4]

{
{1, 2, 3, 4}

}
[3, 1]

{
{1, 2, 3}, {4}

}
,
{
{1, 2, 4}, {3}

}
,
{
{1, 3, 4}, {2}

}
,
{
{2, 3, 4}, {1}

}
[22]

{
{1, 2}, {3, 4}

}
,
{
{1, 3}, {2, 4}

}
,========
{
{1, 4}, {2, 3}

}
[2, 12]

{
{1, 2}, {3}, {4}

}
,
{
{1, 3}, {2}, {4}

}
,
{
{1, 4}, {2}, {3}

}
,{

{2, 3}, {1}, {4}
}
,
{
{2, 4}, {1}, {3}

}
,
{
{3, 4}, {1}, {2}

}
[14]

{
{1}, {2}, {3}, {4}

}
non-crossing partitions appear for n ≥ 4
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The second order asymptotics of complex Wishart matrix

The fluctuations of Wishart matrix [Mingo,Speicher (2006)]

αp,q = lim
N→∞

Cov
(
Tr
(
Xp

N

)
,Tr

(
Xq

N

))
=

∑
π∈SannNC (p,q)

λc(π),

where SannNC (p, q) is the set of the non-crossing (p, q)-annular
permutations and c(π) denotes the number of cycles in the
permutation π.

Non-crossing (p, q)-annular permutations was introduced by
[Mingo, Nica (2004)], which will be explained below:
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Annulus

Annulus and Cycle

Let p and q be positive integers. A (p, q)-annulus is an annulus in
which 1, 2, . . . , p are arranged in clockwise order on the external
circle, and p + 1, p + 2, . . . , p + q are arranged in anti-clockwise
order on the internal circle.

Let (c1, c2, . . . , ck) be a cycle of order k with ci ∈ [p + q]. We will
represent this cycle inside (p, q)-annulus by drawing an arrow from
ci to ci+1 (i = 1, 2, . . . , k) where ck+1 = c1 with an orientation in
clockwise.
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Cycles

Cycles

A cycle is called internal (resp.external) if all of whose elements are
in the internal (resp. external) circle.

A cycle is called conected if it is a cycle which contains both
elements in the inner and the outer circles.
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Non-crossing annular permutations

Definition (Non-crossing annular permutations)

Non-crossing (p, q)-annular permitation is a permutation of [p + q]
for which we can draw its oriented cycles inside (p, q)-annulus in
non-crossing way and it has at least one connected cycle. We
denote by SannNC (p, q) the set of all non-crossing (p, q)-annular
permitations.

If there is no connected cycle inside (p, q)-annulus on drawing the cycles

in the permutation π on [1, p + q], then it is essentially a disjoint union

of two non-crossing permutations on [1, p] and [p + 1, p + q]. Thus we

will consider only connected annular non-crossing permutations for the

set SannNC (p, q).
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Example of SannNC (8, 5)

π = (1, 2, 13, 9, 8)(3, 4)(5, 6, 11, 12)(7)(10)
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The number of cycles

Let π be the permutation on [1, p + q]. Then [1, p + q] is
partitioned into the orbits of π. The orbit of π is called cycle, and
we will usually write a permutation in the cycle notation.
Although it is customary to omit the orbits with one element from
the cycle notation, we will not remove any of them.

The number of cycles

c(π) = the number of cycles (orbits) in π,

which is one of the fundamental permutation statistics.

For a cycle (an orbit) C in π, we denote by |C | the order of the
cycle (the length of the orbit) C .
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Remarks on non-crossing annular permutations

Remarks

It is obvious that the map changing each cycle to a block does
not always give a one-to-one correspondence between annular
non-crossing permutations and annular non-crossing
partitions.

For instance, two (2, 1)-annular non-crossing permutations (1, 2, 3) and

(2, 1, 3) are sent to the partition with only one block {1, 2, 3}.

It is known, however, that if there are at least two connected
cycles, then this map becomes a bijection.
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In case of λ = 1 for complex Wishart matrix

αp,q =
∣∣SannNC (p, q)∣∣ = 2pq

p + q

(
2p − 1

p

)(
2q − 1

q

)
1 2 3 4 5 6

1 1 4 15 56 210 792

2 4 18 72 280 1080 4158

3 15 72 300 1200 4725 18480

4 56 280 1200 4900 19600 77616

5 210 1080 4725 19600 79380 317520

6 792 4158 18480 77616 317520 1280664
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In case of λ = 1 for real Wishart matrix

αp,q = 2
∣∣SannNC (p, q)

∣∣ = 2
2pq

p + q

(
2p − 1

p

)(
2q − 1

q

)
1 2 3 4 5 6

1 2 8 30 112 420 1584

2 8 36 144 560 2160 8316

3 30 144 600 2400 9450 36960

4 112 560 2400 9800 39200 155232

5 420 2160 9450 39200 158760 635040

6 1584 8316 36960 155232 635040 2561328
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Diagonally deformed GUE & GOE

H. Yoshida Second asymptotics of random matrices



Diagonally deformed GUE

We treat the following Wigner matrix of Gaussian entries:

Xn =
(
Xij

)
is an n × n Wigner complex hermitian matrix, in which

Xii (1 ≤ i ≤ n) are i.i.d. real centered Gaussian random variables of
variance σ2, and Xij (1 ≤ i < j ≤ n) are i.i.d. complex centered Gaussian
random variables of variance η2.

We write such a Winger complex hermitian matrix of Gaussian entries as
symbolically

⎛⎜⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎟⎠ or, more simply, WigC(σ
2; η2)n.
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Diagonally deformed GUE

WigC(σ
2; η2)n is not unitary invariant in general, but invariant only

when WigC(η
2; η2)n, which corresponds to the scaled GUE.

We denote this scaled GUE by GUE(η2)n.

We consider the random matrix ensemble
( 1
√
n
WigC(σ

2; η2)n
)
and

see the fluctuation moments, where the limit eigenvalue
distribution of which is, of course, the centered semicircle law of
variance η2.

H. Yoshida Second asymptotics of random matrices



Diagonally deformed GOE

Xn =
(
Xij

)
is an n × n Wigner real symmetric matrix of Gaussian entries,

in which Xii (1 ≤ i ≤ n) are i.i.d. real centered Gaussian random
variables of varinace σ2, and Xij (1 ≤ i < j ≤ n) are i.i.d. real centered
Gaussian random variables of varinace η2.

We write such a Winger real symmetric matrix as symbolically

⎛⎜⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎟⎠ or, more simply, WigR(σ
2; η2)n.

H. Yoshida Second asymptotics of random matrices



Diagonally deformed GOE

WigR(σ
2; η2)n is not orthogonal invariant in general, but invariant

only when WigR(2η
2; η2)n, which corresponds to the scaled GOE.

We denote this scaled GOE by GOE(η2)n.

Similar to complex case, we consider the random matrix ensemble( 1
√
n
WigR(σ

2; η2)n
)
and find the fluctuation formula, where the

limit eigenvalue distribution of which is, of course, given by the
centered semicircle law of variance η2.

H. Yoshida Second asymptotics of random matrices



The second order free cumulants and asymptotic freeness
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The first order free cumulants

Let
{
αn

}
n≥1

be the moments of the limit distribution. We write

the generating power series M(x) as

M(x) = 1 +
∑
n≥1

αnx
n.

The (first order) free cumulants
{
κn

}
n≥1

is defined by the
functional equation

C
(
xM(x)

)
= M(x),

where we write the generating power series C (x) as

C (x) = 1 +
∑
n≥1

κnx
n,

which is essentially the same as Voiculescu’s R-transform.

H. Yoshida Second asymptotics of random matrices



The second order free cumulants

Let
{
αm,n

}
m,n≥1

be the fluctuation moments (the second order

limit). Similar to the first order limit, we define the bivariate
generating power series M(x , y) by

M(x , y) =
∑

m,n≥1

αm,nx
myn.

Then the corresponding (the second order) free cumulants{
κm,n

}
n≥1

are defined as follows:

We put the bivariate formal power series C (x , y) by

C (x , y) =
∑

m,n≥1

κm,nx
myn.

H. Yoshida Second asymptotics of random matrices



The second order free cumulants

Then it is required the following functional relations for the second
order free cumulants:

M
(
x , y

)
=C

(
xM(x), yM(y)

) · d
dx

(
xM(x)

)
M(x)

·
d
dy

(
yM(y)

)
M(y)

+ xy

( d
dx

(
xM(x)

) · d
dy

(
yM(y)

)(
xM(x)− yM(y)

)2 − 1

(x − y)2

)
.

H. Yoshida Second asymptotics of random matrices



The name of the second order free cumulants

Theorem [CMSS]

Let A and B be two random matrix ensembles which are
asymptotically free. Then we have for all m, n ≥ 1 that

κA+B
n = κAn + κBn and κA+B

m,n = κAm,n + κBm,n.

The above Theorem gives the reason why the κm,n are called the second

order free cumulants because they linearize the problem in calculating the

fluctuations of the sum of asymptotically free random matrices.

H. Yoshida Second asymptotics of random matrices



Asymptotic freeness

Definition (Asymptotic freeness)

Two random matrix ensembles A =
(
AN

)
N
and B =

(
BN

)
N
with

limit eigenvalue distributions are asymptotically free if it follows
that for all p ≥ 1 and all n(1),m(1), . . . , n(p),m(p) ≥ 1

lim
N→∞

E
[
tr
((

A
n(1)
N − αA

n(1)1
) · (Bm(1)

N − αB
m(1)1

) · · ·
· · · (An(p)

N − αA
n(p)1

) · (Bm(p)
N − αB

m(p)1
))]

= 0.

Asymptotic freeness gives the rule to calculate all mixed moments that is,
expression

lim
N→∞

E
[
tr
(
A

n(1)
N B

m(1)
N · · ·An(p)

N B
m(p)
N

)]
can be determined by the limit moments of A and B, uniquely.
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Examples of asymptotically free ensembles

Voiculescu

Independent sequences of GUE are asymptoticaly free.

GUE and diagonal constant matrices are asymptoticaly free.

For Haar unirary U, {U,U∗} and diagonal constant matrix D
are asymptoticaly free.

Since any unitary invariant matrix can be written as UDU∗ where
D is a diagonal matrix and U is Haar unitary matrix, thus we have:

Let AN and BN be N × N independent random matrices such that
each of them has the limit distribution, and at least one of them is
unitary invariant. Then

(
AN

)
and

(
BN

)
are asymptotically free.

H. Yoshida Second asymptotics of random matrices



More examples

Dykema - Speicher

Let XN be a selfadjoint Wigner matrix, such that the distribution
of the entries is centered and has all moments, and let AN be a
random matrix which is independent from XN . If AN has the limit
eigenvalue distribution and uniformly bounded in operator norm for
N then AN and XN are asymptotically free.

The above matrices are not unitary invariant in general, but they
are asymptotically free.

H. Yoshida Second asymptotics of random matrices



For unitary invariant random matrices

The following Proposition plays important role:

Proposition

The second order free cumulants for a unitary invariant random
matrix ensemble (especially, for GUE) vanish identically
C (x , y) = 0.

In this case, hence, the fluctuation moments are totally determined
in terms of the (first order) moments.

M
(
x , y

)
= xy

( d
dx

(
xM(x)

) · d
dy

(
yM(y)

)(
xM(x)− yM(y)

)2 − 1

(x − y)2

)
.

H. Yoshida Second asymptotics of random matrices



Random diagonal matrices

We will see a trivial but an important fact on the second order free
cumulants for the random diagonal matrices.

Lemma

Let Dn = diag(D1,D2, . . . ,Dn) be the random diagonal matrix, where
Di ’s are i.i.d. real centered Gaussian of variance ζ2, and consider the

sequence D =
(

1√
N
DN

)
.

Then the first order limits αp for D exist and converge to 0 for all p ≥ 1,
and hence, all the first order free cumulants wil vanish.

Futhermore, it is easy to find that the fluctuatin moments αp,q also exist
for all p, q ≥ 1 and vanish other than α1,1 = ζ2. Thus it follows that only
the second free cumulant κ1,1 has non-zero value κ1,1 = ζ2, that is,

C (x , y) = ζ2 xy .
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Fluctuations of the Wigner matrices
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Complex hermitian Winger matrices of Gaussian entries

Decomposition of WigC(σ
2; η2)n into the independent sum.

Case of σ2 ≥ η2

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η2η2

η2

...............

⎞⎟⎟⎟⎟⎟⎠+

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

0

�
�
�
��

0(σ2 − η2)

(σ2 − η2)

.............

⎞⎟⎟⎟⎟⎟⎠
WigC(σ

2; η2)n = GUE(η2)n +Dia(σ2 − η2)n

GUE(η2) is the scaled GUE matrix thus unitary invariant.
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Fluctuation formula

The limit eigenvalue distribution of W =
( 1
√
n
WigC(σ

2; η2)n
)
is the

same as one of
( 1
√
n
GUE(η2)n

)
, that is, the centered semicircle law

of variance η2.

Hence the moment generating function M(z) for W is given by

M(z) = 1 +
∑
k≥1

Ckη
2kz2k =

∑
k≥0

1

k + 1

(
2k

k

)
η2kz2k ,

where Ck is the kth Catalan number.
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Fluctuation formula

The second order free cumulants of W =
(
WigC(σ

2; η2)n
)
should

be given by those for
(
Dia(σ2 − η2)n

)
. Namely,

κ1,1 = σ2 − η2, κp,q = 0 for (p,q) �= (1, 1).

Hence the bivariate generating function of the second order free
cumulants C (x , y) for W is given by

C (x , y) = (σ2 − η2) xy .
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Relation of the fluctuation moments

Using the functional relation of the fluctuation moments, we have

M
(
x , y

)
=C

(
xM(x), yM(y)

) · d
dx

(
xM(x)

)
M(x)

·
d
dy

(
yM(y)

)
M(y)

+ xy

( d
dx

(
xM(x)

) · d
dy

(
yM(y)

)(
xM(x)− yM(y)

)2 − 1

(x − y)2

)
=(σ2 − η2) xy

d

dx

(
xM(x)

) · d

dy

(
yM(y)

)
︸ ︷︷ ︸
Part of the 2nd order free cumulant

+ xy

( d
dx

(
xM(x)

) · d
dy

(
yM(y)

)(
xM(x)− yM(y)

)2 − 1

(x − y)2

)
︸ ︷︷ ︸
This part is exactly the same as for GUE(η2)
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Part of the 2nd order free cumulant

(σ2 − η2)

{
xy

d

dx

(
xM(x)

) · d

dy

(
yM(y)

)}
=(σ2 − η2)

(∑
k≥0

2k + 1

k + 1

(
2k
k

)
η2kx2k+1

)(∑
�≥0

2� + 1

�+ 1

(
2�
�

)
η2�y2�+1

)
=(σ2 − η2)

∑
k,�≥0

(
2k + 1

k

)(
2� + 1

�

)
η2k+2�x2k+1y2�+1.

[xpyq](σ2 − η2)

{
xy

d

dx

(
xM(x)

) · d

dy

(
yM(y)

)}

=

⎧⎪⎨⎪⎩
( p

p − 1

2

) ( q
q − 1

2

)
(σ2 − η2) ηp+q−2 if p and q are odd,

0 otherwise.
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Part of GUE

The latter part of the generating function is the same as for GUE(η2),
thus we have

[xpyq] xy

{ d
dx

(
xM(x)

) · d
dy

(
yM(y)

)(
xM(x)− yM(y)

)2 − 1

(x − y)2

}

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

pq

2(p + q)

( p
p

2

)( q
q

2

)
ηp+q if p and q are even,

2pq

p + q

(p − 1
p − 1

2

)(q − 1
q − 1

2

)
ηp+q if p and q are odd,

0 ortherwise.
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Fluctuation formula of Wigner hermitian matrix

The part of the 2nd order free cumulant will contribute only the case

when p, q are odd. Thus we have the following formula:

In case the of σ2 ≥ η2, the fluctuation moment αp,q is given as

· if p and q are even:
pq

2(p + q)

( p
p

2

)( q
q

2

)
ηp+q ,

· if p and q are odd:

2pq

p + q

(p − 1
p − 1

2

)(q − 1
q − 1

2

)
ηp+q +

( p
p − 1

2

) ( q
q − 1

2

)(
σ2

η2
− 1

)
ηp+q

· ortherwise:
0.
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Complex hermitian Winger matrices of Gaussian entries

Case of σ2 < η2

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

σ2

�
�
�
��

σ2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎠+

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��η2 − σ2

�
�
�
��

η2 − σ20

0

...............

⎞⎟⎟⎟⎟⎟⎠
WigC(σ

2; η2)n = GUE(σ2)n +WigC(0; η
2 − σ2)n
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The second free cumulants of WigC(0; η
2 − σ2)n

The limit eigenvalue distribution of E1 =
(

1√
n
WigC(0; η

2 − σ2)n
)
is

the centered semicircle law of variance (η2 − σ2). Thus we have on
the first order free cumulant that :

κ2(E1) = η2 − σ2, κn(E1) = 0 for n �= 2.

Concerning the second order free cumulants, it follows that

κ1,1(E1) = −(η2 − σ2), κp,q(E1) = 0 for (p, q) �= (1, 1).

The reasons for this result are in the next slide.
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Asymptotic freeness of Wigner matrices

On the second order free cumulants, note the following facts:

WigC(0; η
2 − σ2)n +Dia(η2 − σ2)n = GUE(η2 − σ2)n

GUE(η2 − σ2)n is unitary invariant, thus all the second order
free cumulants will vanish

In the second order free cumulants of
(

1√
n
Dia(η2 − σ2)n

)
,

only κ1,1 has non-zero value κ1,1 = η2 − σ2.(
1√
n
WigC(0; η

2 − σ2)n
)
and

(
1√
n
Dia(η2 − σ2)n

)
are

asymptotically free.

Both of
(

1√
n
WigC(0; η

2 − σ2)n
)
and

(
1√
n
Dia(η2 − σ2)n

)
are not

unitary invariant, but the asymptotic freeness of such a Wigner
matrices are known by Dykema-Speicher.
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Fluctuation of Wigner matrices

On the other hand, since the limit eigenvalue distribution of
E2 =

(
1√
n
GUE(σ2)n

)
is, of course, the centered semicircle law of

variance σ2, the first order free cumulants are

κ2(E2) = σ2, κn(E2) = 0 for n �= 2,

and all the second order free cumulants will vanish.

Hence, for E1 + E2, we have{
κ2(E1 + E2) =κ2(E1) + κ2(E2) = (η2 − σ2) + σ2 = η2.

κn(E1 + E2) =0 for n �= 2,

κ1,1(E1 + E2) = κ1,1(E1) + κ1,1(E2) = −(η2 − σ2) + 0 = σ2 − η2.

These are exactly the same as for the case of σ2 > η2.
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Fluctuation formula of Wigner hermitian matrices

Theorem

The fluctuation moment αp,q of
(

1√
n
WigC(σ

2; η2)n
)
is given as

· if p and q are even:

pq

2(p + q)

( p
p

2

)( q
q

2

)
ηp+q,

· if p and q are odd:

2pq

p + q

(p − 1
p − 1

2

)(q − 1
q − 1

2

)
ηp+q +

( p
p − 1

2

) ( q
q − 1

2

)(
σ2

η2
− 1

)
ηp+q

· ortherwise:
0.
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Combinatorial interpletation and real case
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(p, q)-annulus and pair

(p, q)-annulus

Let p and q be positive integers. A (p, q)-annulus is an annulus in
which 1, 2, . . . , p are arranged in clockwise order on the outer
circle, and p + 1, p + 2, . . . , p + q are arranged in anti-clockwise
order on the inner circle.

pair

Let (ci , cj ) with ci , cj ∈ [p + q] be a pair of the points. A pair is
called inner (resp. outer) if both of the points are in the inner
(resp. outer) circle.

A pair is called conected if it is a pair which connects both points
in the inner and the outer circles.
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Non-crossing annular parings

Definition

Non-crossing (p, q)-annular paring is complete matching by pairs
in [p + q] for which we can draw them inside (p, q)-annulus in
non-crossing way and it has at least one connected pair. We
denote by annNC 2(p, q) the set of all non-crossing (p, q)-annular
pairings.

annNC 2(5, 3) annNC 2(6, 4)
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Combinatorial interpretation

The number of annNC 2(p, q) is given by following formula:

∣∣∣annNC 2(p, q)
∣∣∣ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pq

2(p + q)

( p

p

2

)( q

q

2

)
if p and q are even,

2pq

p + q

( p − 1

p − 1

2

)( q − 1

q − 1

2

)
if p and q are odd,

0 ortherwise.

Thus, the fluctuation moment αp,q of GUE can be given by

αp,q =
∣∣annNC 2(p, q)

∣∣.
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(p, q)-annulus and pair

One of the interesting combinatorial results on non-crossing
annular parings is the following lemma:

Lemma

The number of the non-crossing (p, q)-annular parings with exactly
c connected pairs is given by

c

( p

p − c

2

)( q

q − c

2

)
.

Here the condition p ≡ q ≡ c mod 2 is required, otherwise it is
assumed to be 0.

Look the case of p, q being odd in the fluctuation formula!
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Combinatorial formula for Wigner complex hermitian

Theorem (Combinatorial form)

The fluctuation moment αp,q of Wigner complex hermitian matrix
is given by

αp,q =#
{
non-crosing (p, q) annular pairings

}
ηp+q

+ #

{
non-crosing (p, q) annular pairings
with exactly 1 connected pair

}(
σ2

η2
− 1

)
ηp+q
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Wigner real symmetric matrices

As we have mentioned the first order limit (the moments of the
limit distribution) of GOE matrix are unchange and the same as
one for GUE matrix, but the fluctuations for GOE matrix are twice
their values in GUE case.

This phenomenon was studied for Wishart matrices by Redelmeier
via genus expansion. Namely, the fluctuations for a real Wishart
matrix are twice their values in the complex case.
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Wigner real symmetric matrices

We can find that the same phenomenon will be happened for
Wigner real symmetric and complex hermitian matrices.

But we note that since the ratio between the variances at
diagonals and at off-diagonals in GOE is 2 : 1, the Wigner real
symmetric matrix should be decomposed into the sum of GOE and
diagonal matrix with taking this ratio into account.
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Decomposition of Wigner real symmetric matrix

We denote Winger real symmetric matrix of Gaussian entries as
symbolically⎛⎜⎜⎜⎜⎜⎝

�
�
�
��

η2

�
�
�
��

η2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎠ or, more simply, WigR(σ
2; η2).

The Wigner real symmetric matrices are not orthogonal invariant
in general, but only the case of WigR(2η

2; η2) is invariant, which
corresponds to the Gaussain orthogonal ensembble, and we write
GOE(η2).
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Decomposition of Wigner real symmetric matrix

We consider the following independent sum for WigR(σ
2; η2):

Case of σ2 ≥ 2η2

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η22η2

2η2

...............

⎞⎟⎟⎟⎟⎟⎠+

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

0

�
�
�
��

02(σ
2

2 −η
2)

2(σ
2

2 −η
2)

.............

⎞⎟⎟⎟⎟⎟⎠
WigR(σ

2; η2) = GOE(η2) + Dia(σ2 − 2η2).
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Decomposition of Wigner real symmetric matrix

Case of σ2 < 2η2

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

η2

�
�
�
��

η2σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��

σ2

2

�
�
�
��

σ2

2
σ2

σ2

...............

⎞⎟⎟⎟⎟⎟⎠+

⎛⎜⎜⎜⎜⎜⎝
�
�
�
��η2−σ2

2

�
�
�
��

η2−σ2

2
0

0

...............

⎞⎟⎟⎟⎟⎟⎠
WigR(σ

2; η2) = GOE(
σ2

2
) +WigR(0; η

2 − σ2

2
)

The argument for calculation of the fluctuation moments is parallel
to the case of complex.
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Fluctuation formula of Wigner real symmetric matrices

Theorem (Fluctuations of Wigner real symmetric)

The fluctuation moment αp,q of
(

1√
n
WigR(σ

2; η2)n
)
is given as

· if p and q are even:

2 · pq

2(p + q)

( p
p

2

)( q
q

2

)
ηp+q ,

· if p and q are odd:

2 ·
{

2pq

p + q

(p − 1
p − 1

2

)(q − 1
q − 1

2

)
+

( p
p − 1

2

)( q
q − 1

2

)(
σ2

2η2
− 1

)}
ηp+q

· ortherwise:
0.
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Combinatorial formula for Wigner real symmetric

Theorem (Combinatorial form)

The fluctuation mooment αp,q of Wigner real symmetric matrix is
given by

αp,q =2#
{
non-crosing (p, q) annular pairings

}
ηp+q

+ 2#
{
non-crosing (p, q) annular pairings
with exactly 1 connected pair

}(
σ2

2η2
− 1

)
ηp+q
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